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ABSTRACT. We design and implement an algorithm for computing g-expansion
bases of spaces of Hilbert modular forms of nonparitious weight over fields of
narrow class number 1. We use this algorithm to compute spaces of Hilbert
modular forms over Q(v/2) and Q(v/5) of weight (1, 2) with Galois stable levels
of norm up to 1500 and quadratic nebentypus. To study this algorithm, we
introduce the “elemental” Hecke algebra, a finite algebra generated by rescal-
ings of the usual Hecke operators acting on a space of Hilbert modular forms.
The elemental Hecke algebra is equivalent to the usual Hecke algebra in pari-
tious weight, but retains certain rationality properties even in the nonparitious
setting even when the usual Hecke algebra is poorly behaved. Using the ele-
mental Hecke algebra, we are also able to present self-contained proofs of some
standard facts about Hilbert modular forms that we use in the algorithm.

1. INTRODUCTION

The Langlands programme is a sweeping web of conjectures relating automor-
phic forms, Galois representations, motives, and L-functions. Typically, given an
object in one of these four worlds, one hopes to construct corresponding objects in
the others. For example, the H! of an elliptic curve F/Q is a motive to which one
can associate a compatible family of f-adic Galois representations (the first étale
cohomology of E), an L-function, and most nontrivially, an automorphic form.
However, not every automorphic form is expected to contribute directly to this
story. An automorphic representation over a field K is said to be L-algebraic if its
archimedean components satisfy a certain integrality condition. Only L-algebraic
automorphic representations are expected ([BG14, Conjecture 3.21]) to have asso-
ciated compatible systems of f-adic Galois representations valued in “G(Qy). It
is also conjectured ([BG14, Conjecture 3.15]) that an automorphic representation
7 is L-algebraic if and only if it is L-arithmetic , i.e. if there is a number field F
such that at all unramified primes p, the Satake parameter of 7, is defined over
E. L-arithmetic representations are particularly conducive to computations as we
can in principle perform many computations on them over a fixed number field
independent of the primes are interested in.

Much of the existing work on automorphic forms in the context of the Langlands
programme focuses on forms whose associated automorphic representations are L-
algebraic. One can show that algebraic Hecke characters correspond to compatible
families of ¢-adic Galois characters [Sno09]. The simplest examples of automor-
phic representations that are not L-algebraic then arise from nonalgebraic Hecke
characters. In this paper, we will be interested in arguably the second simplest
class of nonalgebraic representations, which arise from Hilbert modular forms of
nonparitious weight.
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1.1. Hilbert modular forms. Hilbert modular forms are a natural generalization
of classical modular forms (which are automorphic forms for GL2/Q) to totally real
fields of higher degree. We refer the reader to Section 2.3 for background on Hilbert
modular forms. We write My (M, x) for the space of Hilbert modular forms with
level 1 C Zp, weight k € Z[>F1:Q] and nebentypus character x. We say that k is
paritious if the entries of k are all congruent modulo 2, and nonparitious otherwise.
The theories of Hecke operators and newforms extend to the setting of Hilbert
modular forms. The automorphic representation associated to a Hilbert modular
newform f is L-algebraic if and only if the weight of f is paritious [BG14].
Hilbert modular forms have g-expansions, and because the space My (M, x) is
finite-dimensional, we can describe it explicitly by giving the g-expansions (to some
precision) of a basis of forms spanning My (91, x). As in the setting of modu-
lar forms, My(M, x) is spanned by Hecke eigenforms. As such, we can access
the space by first computing matrices for the action of the Hecke operator T,
on M (M, x) for sufficiently many p, and then using these matrices to produce
a basis of g-expansions for My (M, x). By the Jacquet-Langlands correspondence,
we can compute these matrices by studying the Hecke action on certain spaces of
quaternionic modular forms for a quaternion algebra B/F. This theory originates
with the work of Eichler, and was generalized to the setting of totally real fields by
Pizer [PIZ76]. Algorithms for producing these matrices when F' has narrow class
number 1, k = (2,...,2) (parallel weight two), and x = 1 (trivial nebentypus)
were invented and implemented by Greenberg-Voight [GV11] for indefinite B and
by Dembélé [Dem07] for definite B. These methods were extended to the fields
of arbitrary narrow class number and general paritious weights by Voight [Voil0]
and Dembélé-Donnelly [DDOS§| respectively. Given matrices for the Hecke action
on Mi(M) := M(91,1) for &k = (2,...,2), Donnelly and Voight [DV21] describe
an algorithm for producing a basis of My(N) which extends without difficulty to
the case of paritious weight My (9%). Their algorithm uses several properties of the
finite Q-algebra — the Hecke algebra — generated by the operators {1} acting on
M;,(91). The main difference in this case is that the base field of the Hecke algebra
is a subfield of F#8! that is only Q when the weight is parallel. In [Mud26], we
extend extend all of the above algorithms to deal with an arbitrary nebentypus
character x, but still under the hypothesis of paritious weight (this work is sum-
marized in Section 4. In the definite case, the extension to general nebentypus was
described (but to this author’s knowledge not implemented) by Dembélé [Dem07].
In this work, we describe and implement an algorithm for computing Hilbert
modular forms of nonparitious weight over fields with narrow class number 1.

Theorem 1.1. Let F' be a totally real field of narrow class number 1. Given an
integral ideal N of F', a weight k € Z[ﬁ:@], and a finite order Hecke character x of F,

there is an algorithm that computes a list of q-expansions (to any given precision)
of forms spanning My (I, x).

1.2. “Elemental” Hecke operators. We say that a set of linear operators 7 :=
{T'} acting on a vector space V/C is defined over a subfield E C C if there exists
an F-basis of V' that is preserved by T, i.e. such that in this basis every T € T
has entries in E. The usual Hecke operators {7} } are poorly suited to the nonpari-
tious setting, as there is no number field over which they are all defined [DLP19].
It follows that the Hecke eigenvalues of a normalized eigenform are not defined
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over a fixed number field. The Hecke eigenvalues of a newform determine the Sa-
take parameters of the associated automorphic representation, so this is exactly
the failure of L-arithmeticity in this setting. In particular, the methods of [DV21],
which crucially use the fact that the Hecke algebra on the new subspace can be
written as a product of number fields, do not work here. The main idea in the
proof of Theorem 1.1 is the introduction of “elemental” Hecke operators and cor-
responding “elemental” Hecke algebra. Given a totally positive generator 7 of p
(we are assuming that F' has narrow class number 1), the elemental Hecke operator
T is a rescaling of T}, that depends on the choice of m but can be defined over a
number field independent of p. We will show that matrices for the action of the el-
emental Hecke operators on spaces of quaternionic modular forms can be efficiently
computed.

Theorem 1.2. Let F, 9, k, and x be as in Theorem 1.1. (In particular, we continue
to assume that F has narrow class number 1.) Let p be a prime ideal of Zp.

(1) If k is paritious, there is an algorithm for computing the matriz of the
Ty-action on Sp(M, x).

(2) If k is nonparitious, and w is a totally positive generator of p, there is an
algorithm for computing the matriz of the Tr-action on Sk(MN, x).

We then show that replacing Hecke operators with elemental Hecke operators
and the usual Hecke algebra with the elemental Hecke algebra allows us to repair
the existing algorithms and compute bases as in Theorem 1.1.

In the process of proving Theorem 1.2 and Theorem 1.1, we give alternative
proofs of several standard facts (Theorem 5.7, Proposition 5.8, Proposition 5.9)
about Hilbert modular forms appearing in e.g. [Shi78]. While these proofs will be
of no surprise to the experts, we hope that having self-contained proofs of these
results that extend to the nonparitious case will be of some use.

1.3. Previous computations of nonparitious Hilbert modular forms. We
are not the first to compute nonparitious Hilbert modular forms. Buzzard [Buzl2]
computes the Satake parameters of an explicit CM nonparitious Hilbert modular
form of weight (1,2) via automorphic induction. More recently, Dembélé, Loef-
fler, and Pacetti [DLP19] associate Galois representations to nonparitious Hilbert
modular forms and compute some examples of nonparitious forms. To produce
examples, they use the definite method of [Dem07] to compute, for F' = Q(v/2)
and F' = Q(v/5), the action of the Hecke operators {T,} on My (M, x). They also
use “naive” Hecke operators which are equivalent to our elemental Hecke opera-
tors {7}, and compute the naive Hecke eigenvalues of a particular nonparitious
newform of weight (4, 3).

In our view, the main conceptual difference between this work and the compu-
tations of [DLP19] is that we work entirely with the elemental Hecke operators
from the beginning, rather than computing the usual Hecke operators and then
rescaling. This may seem like an unimportant distinction, but this point of view
lets us bypass issues of square roots and work with a number field independent of p
(Theorem 5.7) throughout the computation. Furthermore, this allows us to adapt
the methods of [DV21] to produce bases of g-expansions for our spaces.

In practice, when computing spaces in paritious weight at multiple levels, we
use various tricks — most of which boil down to some version of Shapiro’s lemma —
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to facilitate efficient computation [DV13]. Our implementation extends these ap-
proaches to nonparitious weight in both the definite and indefinite settings, and is
integrated with existing machinery for computing tables of Hilbert modular forms.
While in some sense these are “implementation details” rather than theoretical dif-
ferences, these optimizations allow us to efficiently compute spaces of nonparitious
forms over higher degree fields and with large levels and weights. We believe that
one of the features of the present work is that it is not an ad hoc implementation,
but rather part of the robust package for computing with Hilbert modular forms
developed in [ABB™26].

1.4. Organization. In Section 2, we discuss our notation and review the theory of
Hecke characters and Hilbert modular forms. In Section 3, we describe how to pro-
duce matrices for the Hecke action on the spaces S (91, x) — this section summarizes
new algorithms for computing Hilbert modular forms with nontrivial nebentypus
and paritious weight which are discussed in more detail and generality in [Mud26].
In Section 4, we describe in detail the approach of [DV21] to compute g-expansion
bases for spaces of Hilbert modular forms of paritious weight. In Section 5, we in-
troduce the elemental Hecke algebra and use it to extend the methods of Section 3
and Section 4 to the nonparitious setting. In Section 6, we give some examples
computed using our implementation.

1.5. Acknowledgments. I am grateful to my advisor, Frank Calegari, for propos-
ing a relationship between abelian fourfolds of Mumford’s type and nonparitious
Hilbert modular forms that motivated this project [Cal21]. I learned much of what
I know about Hilbert modular forms from him. This work builds on code written
by many others, but I'd particularly like to thank Eran Assaf, Edgar Costa, Alex
Horawa, Jean Kieffer, and John Voight for their numerous contributions and for
humoring my incessant questions. I would also like to thank Mateo Attanasio and
Deding Yang for helpful conversations. Last but certainly not least, I am grateful
to the ANTS referees for their detailed feeedback on the paper. 1 was supported
by a Crerar fellowship and an NSF graduate research fellowship during part of this
work.

2. PRELIMINARIES

2.1. Symbols.

o [n]—{1,...,n} ® Zr ., — totally positive units of
e F —totally real field with narrow F

class number 1;

e 7 — ring of integers of F’;
e Z, — completion of Zp at a prime

ideal p C Zp;

Feal — smallest extension of F
that is Galois over Q;

F.o — totally positive elements
of F

I~ —totally positive elements of
an ideal I;

e 0y — different of F;
e GL] (F) — elements of GLo(F)

with totally positive determi-
nant;

e 7{ — complex upper half-plane;
e B —quaternion algebra with cen-

ter F;
X ! X.
§OO B H’U|oo BU ?
X X.
B* - Hv’(oo Bv ’
O — (Eichler) order in B;

0% ~ [0 O
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2.2. Embeddings and multi-index notation. We fix once and for all an em-
bedding +: Q < C. In particular, this restricts to an embedding ¢: F#*! < R. We
also fix an ordering (0;);e[n) of the n embeddings of F into F gal - Given an element
r € F, we write x; := o;(z) € F%. Similarly, for a matrix v € My(F), we write
v; € My(F#) for the matrix obtained by applying o; entrywise.

Given a totally positive element 2 € F%! we define 2'/* to be the unique s root
y of z in Q such that ¢(y) € Rso. We can extend this to define z'/* for any totally
positive z € F# and = € Q. We will make frequent use of multi-index notation.
For t € Q" and z € F&, we write 2* := [[; 2} = [[, 0i(z)% € Q. Similarly, for
z € C" and t € Z", we write 2¥ := IL zfl Fort € Q and = € F& we write
ot :=TJ, ot

2.3. Hilbert modular forms. Let F' be a totally real number field of degree n > 1

of narrow class number 1. For z € H" and v = (Z Z) € GLJ (F), we define

Nz = (L(‘“)ZZJ”(Z’Z)

eH” and  j(v,2) := (t(ci)zi + t(d;)) i € C".
t(ci)zi + L(di))ié[n] 0 2) = ele) (d5)ietr

Given a function f: H" — C, k € Z%,, and v € GLj (F), we can define another
function

_ (dety)
(@) 1= S0 1),

Let M C Zp be an ideal, and set

O(M) = {(Z Z) € My(Ze): c € m} and  To(M) i= Op(M) N GLE(F).

For a finite order character y of modulus 9t and v = (Z Z) € Op(M), we define

Xo(7) := xo0(d) — here, following [ABB*26, Section 2.2, xo refers to the restriction
of x to HpCZF Z;ip.

Definition 2.1. Let 91 and x be as above, and fix k € Z%,. A Hilbert modular
form of weight k, level 9, and nebentypus y is a holomorphic function f: H"™ — C
such that for any v € I'o(M), flev(z) = xo(7)f(2). We write My (91, x) for the
complex vector space of Hilbert modular forms of level 91 and nebentypus x.

Remark. It may seem strange that the condition on f depends only on xo and not
on all of x. However, as noted in [ABB126, Section 2.2|, for F' with (narrow) class
number 1, yo determines x and there is no distinction. For a discussion of the
general case, see [Mud26].

A weight k is parallel if the entries of k are all the same and paritious if the
entries of k are all congruent modulo 2. Given a weight k, we write k; for the ‘P
component of k and kg := max; k;. The space M (91, x) is a direct sum of the
subspace of cusp forms S (1, x) and the subspace of Eisenstein series, as defined
in [Shi78|. There are explicit formulas for the Eisenstein series in M (M, x) (see
[DK21]), so the problem of computing a basis for M (1, x) essentially reduces to
computing a basis for Sk (91, x). When k is nonparallel there are no Eisenstein series
at all, and My (9, x) = Sk(9T, x)-
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Any f € Mi(™M, x) has a Fourier expansion

f(z):=ao+ Z a,(f)exp QWiZ u(vj)z;
Vea;éw J
which uniquely determines f.
We call a, := a,(f) the Fourier coefficient of f at v. Applying the condition
0) for € € Z§,>O, we find

in Definition 2.1 to the matrices 6 1

(1) ey = €/?a, for all € € Z;,>0

Similarly, applying it to (8 2) for e € Z7,

(2) x(€) = sign(e)* := H sign(e;)" for all e € Z5.
i
To any v € D;LO, we associate an integral ideal n := (v)0p. The ideal n then
has a corresponding “ideal coefficient”

(3) an(f) = ay (FHre
This is well-defined by Equation (1), as replacing v by ev for € € Z§7>0 does not
change the value of a,(f).

Given an ideal m C Zp, there is an explicit formula for the Hecke operator T;,
on f € Mp(91,x) in terms of the ideal coefficients [Shi78§]:

(4) an(Tnf) = Y X" (@) Nm(a)* aymq-2(f)-
m+nCa
aCZp

The Hecke operators satisfy the following relations.
(5)
Tpe = TpTpe-1 — Nm(p) o~ x* (p) Ty and Tam = T T if (n,m) = 1.

Let F#(y) denote the compositum of F#* and the cyclotomic field in which
xo is valued. We can think of the components of k as being indexed by the real
embeddings of F. Then, Gal(F# /Q) acts on k by permuting the components, and
we write F/ C F# for the field fixed by automorphisms of F&2! that preserve k
under the aforementioned action ([Shi78, Proposition 1.4]).

We say that a set of linear operators {1’} acting on a finite-dimensional complex
vector space V can be defined over a field K if there is a choice of basis of V'
such that in this basis, the matrix of every operator in {T'} has entries in K. The
following theorem underpins the algorithms used to produce g-expansions from
Hecke matrices in the paritious case.

Theorem 2.2 (Implicit in [Shi78|). The Hecke operators {T}} acting on Si(M, x)
can be defined over F'(x) when k is paritious.

Remark. In many practical settings — for example when F' is a quadratic or Galois
cubic field and x is trival or quadratic — we have F’(x) = F. One can also check
that F’/(x) is the smallest possible coefficient field of a Hilbert modular form in
Sk(91, x) can be defined, as the coefficient field will always contain the nebentypus
field and by Equation (1) must contain /2 for any € € Zy.
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For any 9 C Zr and ® C Zp, there is a degeneracy map
(6) Lot My(M, x) — M(IMD, x)
given by

(7) an(to(f)) = {

We write Sk (91, x)*°V to denote the orthogonal complement in Si(M, x) (with
respect to the Petersson inner product) of the sum of the images of the degeneracy
maps tp over all D[N such that cond(x)[MD~'. The following is a Hilbert modular
forms analogue of Atkin-Lehner-Li theory for modular forms, and is proved in the
same way.

ani)*l(f) @\n

0 otherwise.

Theorem 2.3. There is a decomposition

M 02 D P (M )™).
Mo DgR-?
cond(x)|9M

When £ is paritious, we define the Hecke algebra T := Tp/(,)(M, &, x) to be the
commutative F’(x)-algebra generated by the Hecke operators {Ty}mcz, acting
on Si(M,x). The “anemic” Hecke algebra Ty := (Tpr(y))o is defined similarly
but is generated by the Hecke operators {Tp,: (m,91) = 1}. The decomposition
of Theorem 2.3 is a decomposition of Ty-modules.

By the same argument as is used to prove Theorems 5.5.3 and 5.8.2 of [DS05],
one can check that Ty acts semisimply on Si (M, x) and that T acts semisimply on
Sk(9, x)V. Therefore, Sk(NM, x)"°" has a basis of T-eigenforms. These eigenforms
are called newforms. We say that a T-eigenform f is normalized if the ideal coeffi-
cient a(y(f) is 1. By Equation (4), the coefficient a,(f) of a normalized eigenform
f is exactly the eigenvalue of 7}, on f.

Proposition 2.4 ([Shi78, Proposition 2.8]). Let f € Sx(9,x) be a normalized
eigenform with k paritious. Then, Q({ay(f)}) is a finite extension of Q.

Proposition 2.5 (Special case of [Shi78, Proposition 2.6]). If k is paritious, f €
Sk(M, x), and T is an automorphism of C fizing F'(x), then

Tf(2) = > Tlau(f)exp | 2wy u(v))z

I/GD;;O J
is an element of Si(M, x). Furthermore, if f is a To or T-eigenform, then so is " f.

We give proofs of Proposition 2.4 and Proposition 2.5 assuming Theorem 2.2
in Section 4. In Section 5, we extend Theorem 2.2 to the nonparitious case (as
Theorem 5.7), and from it deduce generalizations of Proposition 2.4 (as Proposi-
tion 5.8), and Proposition 2.5 (as Proposition 5.9).

3. QUATERNIONIC MODULAR FORMS AND COMPUTING MATRICES FOR Tp

Theorem 3.1. There is an explicit algorithm, which given a paritious weight
keZy, alevel M C Zp, a finite order nebentypus x of modulus N, and a prime
p, returns a matric for the Hecke operator T, on Si(M,x) in a basis independent
of p and over an extension of F'(x) independent of p.
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The full proof of Theorem 3.1 can be found in [Mud26] (where the case of non-
trivial narrow class group is also addressed) and proceeds by establishing a Hecke
module isomorphism between Sk (M, x) and an appropriate space of quaternionic
modular forms on which Hecke matrices can be computed explicitly. In this section,
we outline some features of the construction that will be relevant in Section 5 when
we compute spaces of nonparitious forms.

Remark. Tt may seem surprising that even though Theorem 2.2 indicates that the
matrices should be defined over F'(x) itself, Theorem 3.1 produces matrices defined
over a finite extension of F’(x). This is because in practice, it is easier to work over
an extension of F’(x) splitting B. In Section 4, we will see that Theorem 3.1 is
already enough to let us compute a basis of g-expansions over F’(y) for Si(M, x).
Once such a basis has been computed, we can compute matrices for the Hecke
action over F’(x) using Equation (4) and linear algebra should we desire.

Let B/F be a quaternion algebra with discriminant Ag. Let r (resp. s) be
the number of infinite places split (resp. ramified) in B. Fix a level MM C Zp
such that (9, Ap = (1) and a finite order Hecke character y with cond(x)|9%. Let
Zon = [lyjon Zp- Given a splitting tom: B < Ma(],om Fv), we write Op(9M) for
the the Eichler order of level 9. To avoid clutter, we write O := Oy(9M) when
there is no ambiguity. For & € B* such that

(8) (Z)vjom = (CCL Z) € M>(Zan)

we define xo(#) := xo(d). Similarly, if the image of z € B> under the diagonal
embedding to B> is a & satisfying Equation (8), we define xo(z) := xo(&). Choose
a splitting
B* < [] Bf < GLy(C)".
v|oco

v ramified

Precomposing with this splitting, the right GLo(C)*®-representation

9) Wi(©) = & (symkv*?(c2 ® (det><k—°—’““>/2)
v|oo
v ramified
gives rise to a representation of B* over C. In practice, we actually pick a num-
ber field K containing F8* and splitting B, and do all our computation over the
compositum K(x) containing K and the field of values of x.

Recall the definition of a quaternionic modular form with nebentypus from
[Mud26, Definition 3.1]. We denote the subspace of quaternionic cusp forms of
level 91 and nebentypus x by SZ(9%,x). When working with quaternionic mod-
ular forms, it will be helpful to understand the double coset space B \E */O*.
Let H be the cardinality of this double coset space, and pick representatives
{a1,...,ag} C BX. Given ¢ € MP (O, x) and h € [H], we can define a func-
tion

¢h: HE —s Wk((C)
Z f(Z, dh)
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For any function ¢p,: H" — Wy (C), we define an action

(10) Snley =

Let O, := @,0a; ' N B, and define
MP (O, x;h) = {on: H — Wi(C): ¢nliy = x0(dy, 'y dn)on for v € O}
Note that &,:Lyfldh € @X, so it makes sense to evaluate o on it.
Lemma 3.2. The map
i MP (M, X) —— By ME (M, x; h)
¢ ———— (Pn)ne(m]
is an isomorphism.

Proof. This is [Mud26, Lemma 4.2|. O

We now define Hecke operators on M,f(‘}h X). Given a prime ideal p C Zp, let

# € B* be an element which at places v # p is 1 and at v = p is an element whose
reduced norm is a uniformizer for F,,. The choice of 7 does not affect the double

coset @Xﬁ@AX, which is all that will matter. Equivalently, we may choose & such
that nrd(7)Zr N F = p. Let P be Nm(p) + 1 if p 4 90 and Nm(p) otherwise. There
exist elements {7;}1_; C B* such that

5:\&* 0% =| |0*#,

For ¢ € MP(9M, ), we define the Hecke operator

(11) (Tpo)(z,2) := Z(bzxﬂ )xo(75).

The right-hand side of Equation (11) is independent of the choices of 7;. We can
ask how the Hecke operator interacts with the isomorphism of Lemma 3.2.

Lemma 3.3. There exist:

(1) A function j*: [H] — [H] for every j € [P];
(2) Elements

{@in € a5 0 w507 NBY Y e
he[H]

where wj p, is well-defined up to multiplication on the left by O;*(h);
such that

(12) (Tpd)n Z X0( 52y @50 ) (B0 () [k 5,0) (2)-

Proof. This is [Mud26, Lemma 4.3]. O
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We discuss effectively computing Lemma 3.3 in [Mud26]. For our purposes, the
main point is that, once we have chosen representatives {as}nem)}, there is a
formula for T}, depending only on a set of elements {c; 1} je[p], each of which can

he[H]
be chosen up to multiplication on the left by an element of O].X*(h).

The reason we care about the Hecke action on the spaces SZ (M, x) is the (Eichler-
Shimizu-)Jacquet-Langlands correspondence (see e.g.[Mud26, Theorem 2.3]). When
n (the degree of F) is odd, we choose B to be an indefinite quaternion algebra ram-
ified at all but one of the infinite places. When n is even, we choose B to be a
definite quaternion algebra. In either case, we may take B to be unramified at
all finite places, so Ag = (1). For such a B, SZ(M,x) = Sk(M, x) on the nose
by (Eichler-Shimizu-)Jacquet-Langlands. In this case, the matrices for the Hecke
action on SP(M, x) are exactly the matrices for the Hecke action on Sk (I, x).

Let

(13) Vk(c) = ® (Symkv*Q CZ ® (det)(kfo_k“)/2) )

v|oco

When B is definite, Vi (C) = W} (C), but when B is indefinite, V;(C) includes
factors from the split places that Wy (C) does not. Let p: B* — End(Vi(C)) be
the representation associated to V;(C) (Equation (13)). If B is definite, Lemma 3.3
shows that the Hecke operator T, on SP (9, x) acts by an [H] x [H] block matrix
where each block is a linear combination (with coefficients in Q(x)) of matrices p(w)
for various @ € {w; n}jerp). If B is indefinite, the situation is more complicated,
he[H

but applying a version of t[h«}s Eichler-Shimura isomorphism ([Mud26, Theorem 5.2|)
to compute Equation (12), we end up with a block matrix where each block consists
of a linear combination (with coefficients in Q(x)) of products p(v)p(w; ), for
~v € B'. We can realize the representation p explicitly by working over a number
field K/F'(x) splitting B. Putting everything together, Theorem 3.1 is proved.

4. COMPUTING SPACES OF HILBERT MODULAR FORMS OF PARITIOUS WEIGHT

Our goal in this section is to compute a basis of S; (1, x) (i.e. produce explicit
g-expansions of forms spanning the space). Following the approach of [DV21], we
proceed as follows:

(1) Use Theorem 3.1 to compute “full” Hecke matrices (as opposed to matri-
ces restricted to the new subspace) for the Hecke action on Sk (90, x) for
M C Zp such that cond(x)|9 and IMMN.

(2) Use these matrices and properties of the Hecke algebra T to produce a
subspace V; C Si(9M, x) for each Galois (Autp/(,)(C)) conjugacy class of
newforms.

(3) Use Equation (5) to compute matrices for {Ti, }, where m C Zp ranges over
all ideals, from the matrices {7} }.

(4) Use properties of T to compute a basis of g-expansions with coefficients in
F’(x) spanning each V.

(5) Use Theorem 2.3 and Equation (7) to assemble a basis for Si(M, x) over
F'(x).

A key point is that throughout, we work over a number field independent of the
prime p.
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Remark. In any given application of the algorithm, we want to compute the g¢-
expansions of a basis up to some precision, and as such only compute finitely many
Hecke operators {T}}.

4.1. An algorithm for computing S, (91, x) for k paritious.

4.1.1. Compute “full” Hecke matrices. Applying Theorem 3.1 to every 9|9 such
that cond(x)[9, we can compute matrices for the action of T, on Si (9, x) for any
M and any p.

4.1.2. Restrict the Hecke matrices to Galois orbits of newforms. We first want to
use the full Hecke matrices to identify the subspace S (D, x)*™ C Sk (M, x). Let
MN be such that cond(x)|M. For a level M C Zp and a Hecke operator T,
for p 1 O, let pon, be the squarefree part of the characteristic polynomial of T,
acting on Si(9M, x). Then, consider the operator im pop ,(T}), where we apply
the characteristic polynomial of the Ty-action on Si(9M, x) to the Hecke matrix
of the Typ-action on Si(M, x). Anything in the image of a degeneracy map from
level 9 lies in ker pon ,(T}), Because T}, acts semisimply, so too does pom (1),
so Sp(M,x) = ker pom p(Ty) @ im pon p(T}). Because T, is normal on Sy (M, x)
with respect to the Petersson inner product, its kernel and image are orthogonal.
The subspace of Sj(9, x) “old at 9N/M” is then ), ker pan » (7T}), so its orthogonal
complement is “new at 91/9”. Since Sk (M, x)™¢" is the intersection of the subspaces
which are new at 91/97 for all M|, the following follows.

Proposition 4.1 ([DV21]).
Sk X)™ = (] D impomp(Ty),

M pCZp
pIot

where the intersection is over M such that M|, M £ N, and cond(x)|M.

Using Proposition 4.1, we can determine the new subspace explicitly — if we
compute at the smaller levels first, we can compute the dimension of Sy (91, x )%
using Theorem 2.3, and can compute the intersection of Proposition 4.1 at more
and more primes until the dimension of the intersection is correct. Therefore, we
can restrict our full Hecke matrices to the new subspace.

We now take a brief detour to understand the structure of the full Hecke algebra
T := Tpg/(y) (here, we are assuming Theorem 2.2). Writing Tc := T ®p/(y) C, there
is a perfect pairing

U: Te X Sk(‘ﬁ,x) —C
(va)|—>a1(Tf)

The perfectness of ¥ can be proved in the same way as the analogous result for
modular forms (see e.g. [DI95, Proposition 12.4.13]) — in one direction, if for some
f €8N, x) wehave 0 = U(Thy,, f) = a1(Tnf) = an(f) for all Ty, € T, then f =0,
and in the other direction, if for some T' € T¢ we have 0 = ¥(T, f) = a1 (T'f) for all
f ranging through an eigenbasis in Sk (M, x), then T acts by 0 on the whole space.
This pairing induces a bijection between C-algebra homomorphisms from T¢ to C
and and normalized Hecke eigenforms in Sy (91, x).

By Proposition 4.1, the new subspace can be defined over F’(x). Because the
Hecke operators preserve the new subspace, it follows that the restriction of T to
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Sk(M, x)™W is also an F'(x)-algebra, which we call T**". Because T acts semisim-
ply on the new subspace, we can write T™% = [] fes Ky for field extensions
K;/F'(x) and S some finite index set. The pairing ¥ restricts to a pairing be-
tween TE™ and Sy (M, x)"V, and any element of Homc_14(Tg?, C) is an element
of Hompg(,)(Ky,C) for some f € S. We deduce that S can be taken to be a set
of representatives of Galois orbits of newforms under Autz:(,y(C). In particular,
the coeflicient field of every normalized newform is the image of some Ky under
an embedding to C, proving Proposition 2.4 for newforms. It also follows that
Aut () (C) acts on Home_a15 (T3, C) and hence that if f is a newform, so is 7 f.
Since the newforms span Si (M, x)"*™, Proposition 2.5 follows for forms in the new
subspace. We can now prove Proposition 2.4 and Proposition 2.5 in full by observ-
ing that the degeneracy maps in Equation (6) commute with Galois automorphisms
and do not change the coefficient field.
We have the decomposition

(14) Se(M, )™ = P vy,
fes

where each Vy is the the ([K : F'(x)]-dimensional) span of a Aut g, (C)-conjugacy
class of the newform f € S.

By the Chinese remainder theorem, T & [] s Kyis generated by a single element
T € T (not necessarily a T,, but some element nonetheless). Because T acts
semisimply on Sk (M, x)"°¥, we have the decomposition

Sk )" = P kerpd,
W lpm, T
where the sum ranges over the factors p' of u(M,T) over F'(x). Since T is a
generator for T, the factors p’ are in bijection with the factors Ky of T and the
subspaces ker pi are in bijection with the subspaces V.

4.1.3. Produce matrices of {Tw} from the matrices of {I,}. For each Vy, we can
apply the identities in Equation (5) to compute Ty, |y, for any ideal m C Zp. In
practice, we want to compute {Tw|v,: m C Zp, Nm(m) < X} for some bound X.
Using the identities in Equation (5), and processing the ideals m in order of the
number of prime factors of m (with multiplicity), we can use dynamic programming
to compute {Tiy|v, } with one additional matrix multiplication per ideal m.

4.1.4. Compute g-expansions of an F'(x)-basis of each newform orbit. Each V; is a
simple T-module on which T acts as a field extension K /F’(x). This K is exactly
the coefficient field of the newform orbit representative f). Let T be a generator of
T|y,. Letting d := [Ky : F'(x)], given any g € Vy, {TVg ?;é is a basis for V;. We
will take g := Y 0 (K 5.C) " f, where 7 f is as in Proposition 2.5. Then, g has
coefficients in (). The following lemma lets us compute the ideal coefficients of
{Tig}is.

Lemma 4.2. a,(T7g) = tr(TT,).

Proof. For a T-eigenform f € Si (91, x)"", let Ar(f) denote the eigenvalue of the
generator T acting on f. Then,

(VT =3 Ar(frYaa(T]) = an (ZATW)J‘(V)) = an(T%9).

T€Hom g/
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d

Because the coefficients of g are in F’(x), we can use Lemma 4.2 to produce
g-expansions {T7g ?;é spanning V; with coefficients in F’(x). In particular, we
can do this directly from the matrix T' € T, which has entries in F’ (x)- As such,
all of our computation can be performed over the field F'(x) — we never actually
work with the coefficient fields Ky/F’(x).

4.1.5. Assemble the bases of newform orbits to produce a basis for Sk(N, x). Repeat
the previous three steps to produce the g-expansions of a basis of Sy (90, x) for all
M| such that cond(x)|9M. Applying Theorem 2.3 with the degeneracy maps as
in Equation (6), we obtain the g-expansions of a basis of S (1, x) with coefficients
in F'(x).

4.2. Forms of partial weight one. We say that a Hilbert modular form has
partial weight one if at least one component of its weight is 1. Theorem 3.1 does
not let us access Hecke matrices on spaces of Hilbert modular forms of partial
weight one. For these, we can apply the Hecke stability method of Schaeffer [Sch15]
(see also [MS15, ABB*26] for the extension to Hilbert modular forms). Concretely,
choosing an Eisenstein series E € M;(, ) nonvanishing at the cusp at infinity,
Sk (M, x) is contained in the Hecke stable subspace U of the space of meromorphic
modular quotients V := w We can efficiently compute V' using the fast
multiplication and division algorithms in [ABB*26|, and can compute U from V
using the formula in Equation (4). In the case of classical modular forms, Schaeffer
proves that S (91, x) = U, i.e. that forms in U are in fact holomorphic. We expect
his proof to generalize to the Hilbert modular setting, but do not assume this.
Instead, we can compute V as above and intersect V' with its Hecke translates
until we produce a candidate Hecke stable subspace U. We then verify that each
element in a basis of U is genuinely holomorphic by checking that its square (which
has weight in Z2,) lies in Sox (I, x?).

5. COMPUTING SPACES OF HILBERT MODULAR FORMS OF NONPARITIOUS
WEIGHT

5.1. Fourier coefficients and elemental Hecke operators. In many settings,
the ideal coefficients {a, } are the more intrinsic way to think about the coefficients
of a Hilbert modular form.

For example, the L-function associated to f, up to twist, is defined on Re(s) > 1
as

(15) L(s./) = 3 anNm(m) ™ = [[(1—ap Nm(p) ™" +x" (p) Nm(p)fo =),
nCOp p
where x* evaluates to 0 if p | N.

Many constructions of Hilbert modular forms (e.g. as Eisenstein series, CM
forms, base change forms, etc.) are given naturally as formulas for the {a,}, which
can then be converted into a Fourier expansion using Equation (3). The procedure
in Section 4 is in this vein — from the Hecke matrices {7}, }, we produce the Hecke
matrices {T,}, from these extract the ideal coefficients {a,(f)} for f ranging over
a basis of Sk(9,x), and from these can recover the Fourier coefficients of a basis.

This all works in paritious weight because of Theorem 2.2, which guarantees that
the T}, are defined over F’(x). When the weight is nonparitious however, this story
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breaks down because Theorem 2.2 and Proposition 2.4 do not hold. The field of
definition of the matrix of the Hecke operator T}, acting on Si (91, x) and (relatedly)
the smallest field containing the ideal coefficient a,(f) for a normalized eigenform
f € Sg(M, x) both depend on the prime p when k is nonparitious — this field
will generally contain /7 for any totally positive generator 7 of p. In particular,
Q{an(f)}) will be infinite. Because in practice we only want to compute finitely
many terms of g-expansions, we could address this issue by working in a very large
field containing the fields of definition of the finitely many {a,} that we want to
compute. However, this would be extremely inefficient at high precisions, and would
introduce many potential errors when coercing between different number fields. We
will take a different approach.

The first observation is that while the ideal coefficients of a nonparitious eigen-
form are not defined over a number field, the Fourier coefficients will be.

Theorem 5.1 (Proposition 1.3 of [Shi78]). If f € Mi(M, x) is a normalized Hecke
eigenform, then Q({a,(f)}) is a finite extension of F'(x).

One way to think about this is the square root factors in Equation (3) (which are
not generally elements of [8*! when k is nonparitious) exactly cancel out the square
roots which cause Q({a,(f)}) to be infinite in the first place. Motivated by The-
orem 5.1, we will define “elemental” Hecke operators, indexed by totally positive
elements of F. These elemental Hecke operators act on Si(M, x) via matrices de-
fined over F'(x) (Theorem 5.7). As such, we may replace the usual Hecke algebra
(which only makes sense over Q in general) with the “elemental” Hecke algebra, the
F’(x)-algebra generated by the elemental Hecke operators. This elemental Hecke
algebra has all of the nice properties that the usual Hecke algebra has in the pari-
tious case. Intuitively, just as the usual Hecke algebra realizes the ideal coefficients
as eigenvalues, the elemental Hecke algebra realizes the Fourier coefficients as eigen-
values. This will let us prove Theorem 1.1, and along the way, provide alternative
proofs of Theorem 2.2, Theorem 5.1, Proposition 2.4, and Proposition 2.5.

5.2. Elemental Hecke operators and the elemental Hecke algebra.

Definition 5.2. Let p be a totally positive generator for m. (Here, we use that
Cl} = 1.) We define the elemental Hecke operator

(16) T, = T,
where Ty, is defined as in Equation (4).

Pick a totally positive generator § for the different 9p. Let f be a normalized
T-eigenform. Combining Definition 5.2 with Equation (3),

Tf = i () = 6 ) g ()] = 647 a5, (),
Writing f := 6% 75/2 f we see that
T.f = as1,(f)f.
The eigenvalues of T, therefore give the coefficient a;-1,, of a scalar multiple of the
original normalized eigenform.
Applying Equation (3) to Equation (4), we can produce a formula for the Fourier

coefficients of 15 f in terms of those of f. Writing 1, u, and « for totally positive
generators of n,m, and a,
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(17) T = S (@) Nn(a)oLak e gy, a()).

n+mcCa
Lemma 5.3. The elemental Hecke operators {T,} on Sk(M,x) are defined over
F'(x) for any k € Z%,.

Proof. By Jacquet-Langlands, it suffices to show this result for the Hecke matrices
on SP(M,x) for some B such that Ag = (1). Let p: BX — End(V4(C)) be the
representation associated to Vi (C) (Equation (13)). If B is definite, then one can
show from Lemma 3.3 that the Hecke operator T}, on SP (M, x) acts by an [H] x [H]
block matrix where each block is a linear combination (with coefficients in Q(x))
of matrices p(w) for various @ € {w;n} jcip). If B is indefinite, then the situation
helH

is more complicated, but again we end uIE V]Vith a block matrix where each block
consists of a linear combination (with coefficients in Q(x)) of products p(7y)p(w; 1),
for v € BL. As such, the matrices for the action of T}, on MZ (M, x) can be defined
over a field containing the field of definitions of x, p(v) for v € B!, and {p(ww;.n)};n-

When k is paritious, the exponents {%}v‘m in the determinant factors of

Vi (C) are integral. Therefore, ony € B*, Q), nrd "2 evaluates to an element of
F when k is paritious. Even when k is nonparitious, if v € B, then the determinant
factors are all trivial. As such, the obstruction to the {7,} being defined over a
finite extension is the field of definition of {p(w; )};r. and in particular that under
X, nrd 0 /2, {w; n} maps to some expression involving square roots.

To remedy this, define

Vi(C) := Q) Sym™ > C* = Vi (C) @ nrd" "2,

v|oo

By surjectivity of the reduced norm map to Cl}. = 1 ([Voi21, 27.7.1, 28.5.5]), we may
choose double coset representatives {dy,}f | for B \B* /O such that nrd(&) €
Z; With these choices in hand, Lemma 3.3 tells us that @, ; € dj*(h)@xﬁjdfl N
BZ. Therefore, nrd(w, ;) € nrd(oij*(h))nrd(ﬁj)nrd(&l—l) NF €p. Lemma 3.3 also
tells us we can multiply @, on the left by ij*(h) without affecting T},. Because
€€ O;*(h) for any € € Z3 and Clf = 1, we can always realize T}, using @, j, such
that nrd(w; ) = 7 for any totally positive generator m of p. Evaluated on {w;},
the determinant factor in V;(C) is exactly 70~ */2. It follows that in the basis given
by these {&;}, Ty is given by the formulas in Lemma 3.3 but with the representation
Vi(C) replaced by V/(C). The point is that by paying the cost of keeping track of
the totally positive generator m of p, we have gotten rid of the determinant factors
that were preventing the {T},} from being defined over a finite extension.

In particular, for any K over which the representation V}/(C) of B* can be
defined, the elemental Hecke operators {T};} can be defined over K(x). We want
to show that the {7} can be defined over F’(x).

We write V/(K) for the representation V}/(C) thought of as a representation
defined over K. For any a € B*, we can define the extension K, := F(\/«).
Its Galois closure over Q is the multiquadratic extension K8 := F&al({,/a;}),
where {a;} is the set of Galois conjugates of a. Taking o and /5 to elements
whose norms are totally positive generators of distinct primes of F' (possible by
the Hasse-Schilling theorem, see e.g. [Voi21, Theorem 14.7.4]), we see K, and Kg
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split B and that K%' N K gal = Fe¥. The representation V}/(C) can certainly

be defined over both K& and over K gal. Hence, the characteristic polynomials
of {T} — which are independent of the choice of basis — must be defined over
K8 (x) ﬂKgal(X) = F#2l(x). However, we can do better. For any o € Gal(K&*/Q)
which fixes the weight k, V//(K&) is isomorphic to the representation obtained by
applying o entrywise. It follows that the characteristic polynomials of the {7} are
actually valued in F’ ().

Because the elemental Hecke algebra is commutative and semisimple, the char-
acteristic polynomials of {T};} being defined over F’(x) implies that the matrices
{T:} can themselves be descended to F'(x) (see e.g. [Ser77, Chapter 12]).

(I

Remark. We expect that it should be possible to give an argument using coherent
cohomology, thinking of Hilbert modular forms as global sections of some automor-
phic line bundle. This approach has the advantage of treating partial weight one
and higher weight forms uniformly. However, incorporating the determinant twists
into the line bundle (and in particular, dealing with “square roots”) seems subtle,
and we elected to avoid these issues.

Applying Equation (16) to Equation (5), we find

(18) Tyt = TpTri1 — 71" (p) Tpe—2 and Ty, =TT, if 0, pu) = 1.

Definition 5.4. The elemental Hecke algebra, Te'*™ := ’]T%l?’(“;‘(), is the F’(x) algebra
generated by the {7 }.

elem ~~

When £k is paritious, ']I‘F,(X) = Tpi(y), and even when k is nonparitious, ’H‘%em =

Telem_submodules (resp.

Tg. T-submodules (resp. T-eigenforms) are the same as
Telem_eigenforms).
For a given totally positive generator J of 0p, we say that a

is 0-normalized if as-1(f) = 1.

Telem_eigenform f

Lemma 5.5. For T¢'*™ the elementary Hecke algebra on Si(M,x) for k € 2%,
there is a bijection

d: {5-normalized Telem eigenforms} e HOmF/(X)ialg(']relem’ ®)
/! (T'+— ag+(TF))

The map ®(f) sends T, to the coefficient as-1,(f), and the field extension of F'(x)
generated by the image of ®(f) is exactly the extension generated by the coefficients

of f.

Proof. For a ¢-normalized eigenform f, as-1(T,(f)) = as-1,(f). The proof of
Lemma 5.5 is then the same as that of the analogous fact for classical modular
forms. O

This proves finiteness of the extension Q({a,(f)}) for f a d-normalized eigen-
form. Because T°*™ is a finite commutative F’(y)-algebra, there exist field ex-
tensions Ky/F'(x) such that Telem = [I; Ky Asin Section 4.1, we can write

Sp(M,x)"" = @, Vy where each Vy is an irreducible Telem_submodule on which
Te'e™ acts by K;/F'(x). Indeed, because HomF/(X)_alg(']I‘elem,(C) is preserved by
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post-composition with automorphisms of C fixing F’(), it follows that the sum is
indexed by Galois orbits of newforms.

We can then obtain a basis of V; defined over F’(x) exactly as in Section 4.1,
by taking the orbit of a trace form g € Vy under some generator of TEIem\Vf. We
can replace Lemma 4.2 with

(19) as-1,(T?g) = tx(T?T,).

We want to show that all of Si(91,x) (not just the new subspace) has a basis
over F'(x). Applying Equation (3) to Equation (6), and writing £ for a totally
positive generator of ®, we find

ay(to(f)) = € a e (f).
Because our aim is to produce a basis for Sk (9, x), we do not care about multi-
plicative scalar factors. As such we can define tz(f) by a,(tz(f)) == a,¢-1(f). The
image of Lfg. ® C is the same as the image of 1¢ ® C, so it does not affect the complex
space we produce in the end.

Theorem 5.6. The space Si(M, x) has a basis over F'(x).

Proof. First, assume that k € Z%,. We have

(20) S =P D @D v,

M(N D MM~ newform orbits f
of level M

where in the summand, £ is a totally positive generator of ®. As noted above, each
V; has a basis of forms over F’(x), and if g € V} has coefficients in F’(x), so does
te(9)-

Suppose instead that k is of partial weight one. By [BB66, Theorem 10.11], for
large enough [ € Z>o, the space of parallel weight [ forms M;(MM, 1) contains a set
of forms with no common zeroes on Xo(M). Since M;(M, 1) has a basis {g1,..., 94}
over Q, the elements of this basis must then have no common zeroes (as otherwise
everything in their span would share a zero). Now consider the map

O: Sp(M,x) — Skt (M, x)¢
f'—>(fgla'~'7fgd)'

We claim that the image of © is exactly the subspace of h = (hy,...,hq) €
Skr1(M, x¥)? where g;h; = gjh; for all 4,j € [d]. For any f € Sp(M,x), O(f)
is in this subspace. Conversely, given h in the subspace, % is independent of i.
This quotient is holomorphic because for any z € Xy(M), some ord, (g;) # 0 and so
some ord, (h;/g;) = ord,(h;) > 0.

We already know that S1;(91, x%) has a basis over F’(x), and we have just
shown that Si(91,%) can be identified with a subspace of Sjy;(9,x¥)¢ cut out
by equations in F’(x). Therefore, Si (91, x) also has a basis of g-expansions over

F'(x). O

Remark. Theorem 5.6 is tight. The field of coefficients K of f € Si(M, x) always
needs to include the field of definition of y. Because a.,(f) = €7/%a,(f), Ky also
needs to include €/ for all € € Z§,>o' As discussed earlier, totally positive units in
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F are squares since Cl}f. 2 Clp. As such, €"/? is an element of F82!. Picking a unit

€ such that Q(el/?‘) = F', we deduce that Ky also contains F’, and hence contains
F/(x).

Theorem 5.7. The elemental Hecke operators {Tr} on Sk(M, x) are defined over
F'(x) for any k € Z%,.

Proof. If k € Z%,, the result follows from Lemma 5.3. Otherwise, we still know
that Sk (M, x) has a basis of forms with coefficients in F’(x) by Theorem 5.6. The
elemental Hecke operators on S (91, x) are given by Equation (17), and in particular
T, f has coefficients in F'(x) if f does F’'(x). It follows that in this basis, Ty is
given by a matrix with entries in F”’(x). O

From this and Lemma 5.5, we can use the arguments that we used in the ZZ,
case to deduce the following theorems.

Proposition 5.8. For any k € Z%,, let f be a d-normalized Tele™ _eigenform in
Sk(M, x). The extension Q({a,(f)}) is finite.

Proposition 5.9. If f € Si(M, x) with k € Z%, and T is an automorphism of C
fizing F'(x), then

Tf2)= Y Tlan(f)exp | 2mi Y u(v)z
”601:,1>0 J
is an element in Sp(M,x). Furthermore, if f is a Hecke eigenform, then so is 7 f.

Observe that Theorem 5.7, Proposition 5.8, and Proposition 5.9 are strict strength-
enings of Theorem 2.2, Proposition 2.4, and Proposition 2.5.

5.3. Computing spaces of forms in nonparitious weight. With the theory
of Section 5.2 in hand, we can compute spaces of nonparitious forms with £ € ZZ,
by replacing T, with T (for some totally positive generator m of p) and a, with
a, everywhere. By doing this, we are able to work with spaces and matrices over
F’(x) instead of dealing with field extensions depending on p. We walk through
the steps of Section 4 and highlight the modifications that need to be made.

(1) Compute “full” Hecke matrices: To compute Ty, we repeat the proce-
dure in Section 3, choosing {w; ,} in Lemma 3.3 whose norms are all equal
to m and replacing V4 (C) with V/(C) (i.e. forgetting about the determi-
nant factors). The determinant factor in Vi (C) for these {w; s} is simply
a twist by 7%°7*/2 (independent of j and h). As T, = 70 *2 T removing
the determinant factors lets us produce a matrix for 5.

(2) Restrict the Hecke matrices to Galois orbits of newforms: Be-
cause each T is a rescaling of T}, we can replace T, with 7 in Proposi-
tion 4.1 without changing the subspace we produce. Let T be a generator
T € Telem| Sk(,x)mew, and pr its characteristic polynomial. As discussed
in Section 5.2, the elemental Hecke algebra still decomposes as a product
of fields K¢, so Equation (14) still holds. Therefore, we can decompose the
new subspace as a direct sum of the kernels of the evaluations at T of the
factors of p.

(3) Produce matrices for T, from the matrices for T;: We can compute
these efficiently using Equation (18) and dynamic programming.
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TABLE 1. Some Fourier coefficients of an eigenform in Sy (1, x) for
k, 9, and y given above. Here, 7 is a totally positive generator of a
prime ideal p, § is the chosen generator for the different of Zp, and
a is a generator for the coefficient field K = Q[z]/(z* + 2422 + 46)
such that o2 = 7v/2 — 12.

| Nm(p) | m | aps5-1(f) |
2| —v2+2
7] -3V2+5 %( 20° + 602 — 3la — 5)
71 —V2+3 | Li(a®+26a)
93 T (3a% 1 1060)
17 | —2v2+5 | £(—8a2 —222)
17 | —4v2+7 | £(3a® + 120a)
23 | —V2+5 %(2604 + 564)
23 | —7vV2+ 11| L(3 6a + 26)
25|56 ;( 203 — Tda)
31| =5v2+9 | $(1303 + 30c)
31 | =3v2+7 | +(—30a% — 122)

(4) Compute g-expansions of an F’(x)-basis of each newform orbit:
This was discussed in the proof of Theorem 5.6. The key point is that we
use Equation (19) in lieu of Lemma 4.2.

(5) Assemble the bases of newform orbits to produce a basis for
Sk(M, x): This was discussed in the proof of Theorem 5.6, and can be
done using Equation (20).

In the case of partial weight one, the Hecke stability method of Section 4.2 can
be applied almost verbatim. We are able to compute bases of spaces in weights ZZ,
as just described, and compute Hecke operators on the space of modular quotients
using Equation (17) instead of Equation (4).

6. EXAMPLES

We leave the reader with the following two examples of our code. The codebase
can be found here.

6.1. A weight (4,3) space over Q(v/2). In this subsection, we reproduce a com-
putation of [DLP19].

Let k := (4,3), M = (v/2 + 3)|7, and x the nontrivial ray class character un-
ramified away from 9 and the infinite places. Then, S, (M, x) is two-dimensional.
Choosing the generator ¢ := —2+v/2 + 4, the coefficients of one of the two conjugate
d-normalized eigenforms in this space are given in Table 1. The coefficients of f lie
in K = Qx]/(z* + 2422 + 46).

The coefficients of ar5-1(f) and for Nm(7) < 200 can be computed in under 7
seconds on a single core of an 11*" Gen Intel(R) Core(TM) i7-11800H @ 2.30 GHz
(my laptop) — the code is given below. Of course, there is a lot going on under the
hood! Nonetheless, we feel that one of the merits of this work is that it makes such
computations accessible “at the push of a button”.

// specify the field, level, weight, and nebentypus
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F := QuadraticField(2);
ZF := Integers(F);
[4, 31;

N Factorization (7+ZF) [1][1];
H HeckeCharacterGroup (N, [1,2]);
chi := H.1;

// controls how many coefficients we compute
BOUND := 200;

// set up the relevant space of Hilbert modular forms
M := GradedRingOfHMFs (F, BOUND);
Mk := HMFSpace(M, N, k, chi);

// compute an basis of g-expansions spanning the space
// the basis will be over F’(chi) = F
Sk := CuspFormBasis(Mk);

// the dimension of the cusp space is 2
assert #Sk eq 2;

// diagonalize the Hecke action to produce an eigenbasis
eigs := Eigenbasis(Mk, Sk : P:=10);

6.2. Weight (1,2) forms over Q(v/2) and Q(v/5). This project was motivated by
a proposal ([Cal21]) for computing explicit examples of 4-folds of Mumford’s type
by computing Hilbert modular forms that are expected to be associated to them.
These Hilbert modular forms are expected to be non-CM forms of weight (1, 1, 2)
and have coefficients satisfying certain rationality conditions. One also expects a
similar geometric origin for non-CM forms of weight (1, 2) with coefficients satisfying
similar rationality conditions. While do we not yet have any examples of non-CM
forms, we report on some of our findings thusfar.

Given k, M, and x, we can compute the space of CM forms Dy (N, x) C Sk(M, x)
by searching through the CM extensions of F' with conductor dividing 91 and looking
for Hecke characters with an infinity type dependent on k and behavior at finite
places determined by x. Given such a Hecke character, one can produce explicit
formulas for the Fourier coefficients of the corresponding automorphically induced
Hilbert modular form. As such, we can verify whether a given form is CM or not
by checking to see if it lands in the CM space.

Theorem 6.1. The weight (1,2) forms over F = Q(v/2) and F = Q(\/5) of Galois
stable level M with Nm(91) < 1500 and quadratic nebentypus character are all CM
forms.

It may seem odd to focus on Galois stable level. While there are indications that
forms of Galois stable level might relate more easily to geometry, the reason in our
setting is practical. For such levels 91, one can check by a class field theory com-
putation that unless 91/(2), there will always exist Eisenstein series g € M7 (91, ¢)
which are nonvanishing at the cusp at infinity. While the Hecke stability method
will work with Eisenstein series of any weight, the bottleneck in the computation of
(1,2) forms is computing a basis of g-expansions for a space of weight (1+k,, 2+k,),
where k, is the weight of the Eisenstein series.

REFERENCES

[ABB*26] Eran Assaf, Angelica Babei, Ben Breen, Sara Chari, Edgar Costa, Juanita Duque-
Rosero, Aleksander Horawa, Jean Kieffer, Avinash Kulkarni, Grant Molnar, Abhijit S.
Mudigonda, Michael Musty, Sam Schiavone, Shikhin Sethi, Samuel Tripp, and John



COMPUTING HILBERT MODULAR FORMS OF NONPARITIOUS WEIGHT 21

Voight. Computing with Fourier expansions of Hilbert modular forms. In preparation,
2026.

|BB66] W. L. Baily, Jr. and A. Borel. Compactification of arithmetic quotients of bounded
symmetric domains. Ann. of Math. (2), 84:442-528, 1966.

[BG14] Kevin Buzzard and Toby Gee. The conjectural connections between automorphic rep-
resentations and Galois representations. In Automorphic forms and Galois represen-
tations. Vol. 1, volume 414 of London Math. Soc. Lecture Note Ser., pages 135-187.
Cambridge Univ. Press, Cambridge, 2014.

[Buz12] Kevin Buzzard. An example of a non-paritious Hilbert modular form, 2012.

[Cal21] Frank Calegari. Polymath proposal: 4-folds of Mumford’s type, 2021.

[DDO8g| Lassina Dembélé and Steve Donnelly. Computing Hilbert modular forms over fields
with nontrivial class group. In Algorithmic number theory, volume 5011 of Lecture
Notes in Comput. Sci., pages 371-386. Springer, Berlin, 2008.

[Dem07] Lassina Dembélé. Quaternionic Manin symbols, Brandt matrices, and Hilbert modular
forms. Math. Comp., 76(258):1039-1057, 2007.

[DI195] Fred Diamond and John Im. Modular forms and modular curves. In Seminar on Fer-
mat’s Last Theorem (Toronto, ON, 1995-1994), volume 17 of CMS Conf. Proc., pages
39-133. Amer. Math. Soc., Providence, RI, 1995.

[DK21] Samit Dasgupta and Mahesh Kakde. On constant terms of Eisenstein series. Acta
Arith., 200(2):119-147, 2021.

[DLP19] Lassina Dembélé, David Loefller, and Ariel Pacetti. Non-paritious Hilbert modular
forms. Math. Z., 292(1-2):361-385, 2019.

[DS05] Fred Diamond and Jerry Shurman. A first course in modular forms, volume 228 of
Graduate Texts in Mathematics. Springer-Verlag, New York, 2005.

[DV13] Lassina Dembélé and John Voight. Explicit methods for Hilbert modular forms. In
Elliptic curves, Hilbert modular forms and Galois deformations, Adv. Courses Math.
CRM Barcelona, pages 135-198. Birkhauser/Springer, Basel, 2013.

[Dv21] Steve Donnelly and John Voight. A database of Hilbert modular forms. In Arithmetic
geometry, number theory, and computation, Simons Symp., pages 365—-373. Springer,
Cham, [2021] ©2021.

[GV11] Matthew Greenberg and John Voight. Computing systems of Hecke eigenvalues asso-
ciated to Hilbert modular forms. Math. Comp., 80(274):1071-1092, 2011.

[MS15] Richard A. Moy and Joel Specter. There exist non-CM Hilbert modular forms of partial
weight 1. Int. Math. Res. Not. IMRN, (24):13047-13061, 2015.

[Mud26]  Abhijit S. Mudigonda. Computing Hilbert modular forms with nontrivial nebentypus.
In preparation, draft here, 2026.

[P1Z76] Arnold PIZER. On the arithmetic of quaternion algebras ii. Journal of the Mathemat-
tcal Society of Japan, 28, 1976.

[Sch15] George J. Schaeffer. Hecke stability and weight 1 modular forms. Math. Z., 281(1-
2):159-191, 2015.

[Ser77] Jean-Pierre Serre. Linear representations of finite groups, volume Vol. 42 of Graduate
Texts in Mathematics. Springer-Verlag, New York-Heidelberg, french edition, 1977.

[Shi78| Goro Shimura. The special values of the zeta functions associated with Hilbert modular
forms. Duke Mathematical Journal, 45(3):637 — 679, 1978.

[Sno09] Andrew Snowden. On two dimensional weight two odd representations of totally real
fields, 2009.

[Voil10] John Voight. Computing automorphic forms on Shimura curves over fields with arbi-

trary class number. In Algorithmic number theory, volume 6197 of Lecture Notes in
Comput. Sci., pages 357-371. Springer, Berlin, 2010.

[Voi21] John Voight. Quaternion algebras, volume 288 of Graduate Texts in Mathematics.
Springer, Cham, [2021] ©2021.


https://abhijit-mudigonda.github.io/math/

	1. Introduction
	1.1. Hilbert modular forms
	1.2. ``Elemental'' Hecke operators
	1.3. Previous computations of nonparitious Hilbert modular forms
	1.4. Organization
	1.5. Acknowledgments

	2. Preliminaries
	2.1. Symbols
	2.2. Embeddings and multi-index notation
	2.3. Hilbert modular forms

	3. Quaternionic modular forms and computing matrices for the Hecke action
	4. Computing spaces of Hilbert modular forms of paritious weight
	4.1. An algorithm for computing spaces of cusp forms for k paritious
	4.2. Forms of partial weight one

	5. Computing spaces of Hilbert modular forms of nonparitious weight
	5.1. Fourier coefficients and elemental Hecke operators
	5.2. Elemental Hecke operators and the elemental Hecke algebra
	5.3. Computing spaces of forms in nonparitious weight

	6. Examples
	6.1. A weight (4,3) space over a quadratic field
	6.2. Weight (1,2) forms over quadratic fields

	References

